Abstract. Let R be a ring and E = E(R R ) its injective envelope. We show that if every simple right R-module embeds in R R and every cyclic submodule of E R is essentially embeddable in a projective module, then R R has finite essential socle. As a consequence, we prove that if each finitely generated right R-module is essentially embeddable in a projective module, then R is a quasiFrobenius ring. We also obtain several other applications and, among them: a) we answer affirmatively a question of Al-Huzali, Jain, and López-Permouth, by showing that a right CEP ring (i.e., a ring R such that every cyclic right module is essentially embeddable in a projective module) is always right artinian; b) we prove that if R is right FGF (i.e., any finitely generated right R-module embeds in a free module) and right CS, then R is quasi-Frobenius.
Introduction
It is well known that a ring R is quasi-Frobenius (QF) precisely when every right R-module embeds in a projective or, equivalently, in a free module. More generally, R is called right FGF when every finitely generated right R-module embeds in a free module. It is also known that if R is left and right FGF (or, more generally, if every cyclic left and right module embeds in a free module), then R is, again, a QF ring, but it is still an open problem whether a right FGF ring is QF. This problem appeared first in Levy's paper [12] as a question for right Ore rings, and it was later formulated in the present form by Faith (see [6] for a thorough discussion of the problem, and also [7] for a more recent update). There is a long list of conditions that force a right FGF ring to be QF, among them, that of R R having finite essential socle.
The most powerful result among those providing this condition is Osofsky's theorem [14] that asserts that a right injective cogenerator ring (i.e., a right PF ring) is semiperfect and has finite essential right socle. This was the basis of the proof by Björk [2] that right FGF right self-injective rings are QF, a result also obtained, independently, by T.S. Tolskaya (cf. [6] ). More generally, Menal [13] used a modification of Osofsky's arguments to prove that if each cyclic right R-module embeds in a free module and the injective envelope E(R R ) is projective, then R is QF.
Here, we will also use Osofsky's proof as a starting point to develop a technique that allows us to deal with rings such that (certain) cyclic or finitely generated modules are essentially embeddable in projective modules. Our idea is to trade off the additional conditions required to prove that a right FGF ring is QF for a tighter embedding hypothesis. This allows us to approach the Levy-Faith problem from a new perspective, and to give a positive answer for it in an interesting case, by showing that if every finitely generated right R-module is essentially embeddable in a projective, then R is QF. We feel that our proof provides some insight on the difficulties involved in obtaining a positive solution to the general FGF problem, and adds support to the conjecture (see [13] ) that right FGF rings are not necessarily QF. Things are pretty close, however, and our methods allow us to prove another positive result that also extends the Tolskaya-Björk theorem: a right FGF right CS ring is QF.
Another motivation for the study of these essential embeddings comes from the structure results on rings R such that all cyclic right R-modules are essentially embeddable in projectives (right CEP rings) and rings R such that the cyclic right R-modules are essentially embeddable in direct summands of R R (right CES rings), obtained in [1, 10, 9] . Our results allow us to answer affirmatively the question posed in [1] of whether a right CEP ring (and, consequently, a right CES ring) is already semiperfect. Among the consequences we mention that the structure theorem for semiperfect right CES rings obtained in [9] becomes, in fact, a structure theorem for the class of all right CES rings.
These results arise as a consequence of our main theorem (Theorem 3.1), in which we prove, in a slightly more general form, that if R is a ring such that E = E(R R ) is a cogenerator and every cyclic submodule of E R is essentially embeddable in a projective module, then R R has finite essential socle. This extends both Osofsky's and Menal's results mentioned above. The method of proof involves, as main ingredients, an adaptation of Osofsky's counting argument applied to certain families of simple right S/J-modules (where S = End(E R ) and J = J(S) is the Jacobson radical of S), and the construction of an injective mapping from the set of isomorphism classes of one of these families to the set of isomorphism classes of simple right R-modules. It is, precisely, in the construction of this injection that the essential embedding hypothesis plays a fundamental role.
Throughout this paper, all rings R will be associative and with identity, and Mod-R will denote the category of right R-modules. By a module we will usually mean a right R-module and, whenever we want to emphasize the fact that M is a right R-module, we will write M R . We refer to [5] for all undefined notions used in the text.
Preparatory lemmas
Let R be a ring, E R an injective module, S = End(E R ), and J = J(S). Then S/J is a regular right self-injective ring, and idempotents lift modulo J. Our first step will be to make precise the connection between indecomposable direct summands of E R and minimal right ideals of S/J. Lemma 2.1. Let R be a ring, E R an injective module, S = End R (E), and J = J(S). Then there exists a bijective mapping from the set of isomorphism classes of indecomposable direct summands of E R to the set of isomorphism classes of minimal right ideals of S/J.
and N → N ⊗ S E define inverse bijections between the sets of isomorphism classes of direct summands of E R and S S . It is also clear that these bijections preserve the property of being indecomposable. Actually, if e ∈ S is the idempotent associated to the direct summand L of E (so that L = eE ∼ = eS ⊗ S E), then the corresponding direct summand of S S is precisely Hom R (E, eE) ∼ = eS. Since End(eE R ) ∼ = eSe ∼ = End(eS S ), we have that if eE R is indecomposable, then the corresponding direct summand eS of S S is an indecomposable projective module with local endomorphism ring. It is well known that eSe is local if and only if eS/eJ is a simple right S-module whose projective cover is precisely eS. But eS/eJ is isomorphic, as right S/J-module, to the minimal right idealē(S/J) of S/J, wherē e = e + J, and so we may assign to eS this minimal right ideal.
Conversely, since S/J is a von Neumann regular ring and idempotents lift modulo J, each minimal right ideal of S/J is of the formē(S/J), where e ∈ S is an idempotent andē = e + J. Then we can assign toē(S/J) the right ideal eS of S, which is, clearly, a projective cover in Mod-S ofē(S/J), so that eSe is local. Hence, we get a bijection between isomorphism classes of direct summands of S S with local endomorphism rings and isomorphism classes of minimal right ideals of S/J, which completes the proof.
Our next step will be to adapt Osofsky's counting argument in [14] to our situation. In order to state it more clearly, we need the following definition. Definition 2.2. Let S be a ring. A family {C k } k∈K of simple right S-modules will be called an idempotent-orthogonal family of simple modules when they are pairwise nonisomorphic and there exists a family {e k } k∈K of idempotents of S satisfying C j e k = 0 if j = k, and C k e k = 0 for each k ∈ K.
The next lemma embodies Osofsky's counting argument, and its proof is essentially contained in [14 Proof. For each subset J ⊆ I, define Σ(J) := Σ{C ⊆ Q Q |C ∼ = C i for some i ∈ J}, and let E(Σ(J)) be its injective envelope. Since Q is right self-injective, E(Σ(J)) embeds in Q Q and so there exists an idempotent e J ∈ Q such that E(Σ(J)) ∼ = e J Q. Following the proof of [14, Lemma 8] , we first show that e J is central. It is enough to prove that, for every x ∈ Q, e J x = e J xe J and xe J = e J xe J . Assume, then, that e J x(1 − e J ) = 0. Since Σ(J) is essential in e J Q, we see that there exist an element q ∈ Q and a simple right R-module C such that C ∼ = C i for some i ∈ J and 0 = e J x(1 − e J )q ∈ C. Thus the homomorphism (1 − e J )qQ → C given by left multiplication with e J x is nonzero and, since C Q is a projective module, it is actually a split epimorphism. Therefore, (1 − e J )Q contains a simple submodule isomorphic to C i , for some i ∈ J, which is in contradiction with the fact that all these submodules are contained in e J Q. Thus we have proved that e J Q(1−e J ) = 0.
Assume now that (1 − e J )xe J = 0 for some x ∈ Q. Then, left multiplication with (1 − e J )x gives a nonzero homomorphism e J Q → (1 − e J )Q. Its image (1 − e J )xe J Q is a principal right ideal of Q contained in (1 − e J )Q, and, since Q is regular, it is a projective module. Hence e J Q contains a submodule isomorphic to (1 − e J )xe J Q. But the latter module has zero intersection with e J Q and thus contains no submodule isomorphic to C i , for any i ∈ J, which contradicts the fact that Σ(J) is essential in e J Q. Thus we see that all the e J are indeed central idempotents.
Next, we construct the idempotent-orthogonal family {C k } k∈K . As in the proof of [14, Theorem 1] , the infinite set I can be decomposed, using a lemma due to Tarski, as the union of a class K of subsets of I such that the following conditions are satisfied:
, and hence e X Q = e X\Y Q ⊕ e X∩Y Q. Thus we see that e X∩Y ∈ e X Q and, similarly,
Thus we see that e X e Y Q is a ring in which both e X e Y and e X∩Y are identities, and hence e X e Y = e X∩Y . Now let N = Σ{e Z Q|Z ⊆ I and |Z| < |X| for each X ∈ K} and define, for each X ∈ K, N X = (1 − e X )Q + N. Since e X and all the e Z are central idempotents of Q, both N and N X are two-sided ideals of Q. Assume that e X ∈ N X . Then we may write e X = (1 − e X )x 0 + n, with x 0 ∈ Q, n ∈ N . Thus there exist sets Z 1 , . . . , Z r ⊆ I such that |Z j | < |X| for j = 1, . . . , r, and n = r j=1 e Zj x j , with x j ∈ Q. Since |X| is infinite, we have that | r j=1 Z j | < |X|, and hence there exists an element i ∈ X\( r j=1 Z j ). But, since e X Q = (1 − e X )x 0 Q + r j=1 e Zj x j Q, we then have that e X Q does not contain any simple submodule isomorphic to C i . This contradicts the fact that i ∈ X and shows that e X / ∈ N X . On the other hand, if
∈ M X . Then we can define a set of simple right Q-modules indexed by K, by setting C k = Q/M k for each k ∈ K, and we have that C k e k = 0 and C j e k = 0 for each k, j ∈ K, j = k. Furthermore, since the e k are central idempotents for all k ∈ K, we have that
Let P R be a finitely generated projective right R-module, E = E(P R ) its injective envelope, S = End(E R ) and J = J(S). We want to use Lemma 2.3 applied to S/J to deduce that P R has finite essential socle under suitable additional hypotheses. However, the situation here is different from the one considered in [14, Theorem 1] , and this cannot be done directly. More precisely, we need to devise a way to pass injectively from (isomorphism classes of) simple right S/J-modules to simple right R-modules. The following lemma provides this injection and will play a crucial role in our main result. Lemma 2.4. Let P R be a finitely generated projective module, E = E(P R ), S = End R (E), and J = J(S). Assume that each cyclic submodule of E R is essentially embeddable in a projective module. Then, if {C k } k∈K is an idempotent-orthogonal family of simple right S/J-modules, there exists an injective mapping from K to the set of isomorphism classes of simple right R-modules.
Proof. Since idempotents of S/J lift modulo J, we may consider a family {s k } k∈K of idempotents of S such that ifs k = s k + J then C ksk = 0, and
summand of E and, hence, an injective module. For each k ∈ K, let c k ∈ C k be an element such that c k s k = 0, and call
To simplify the notation, denote by ( ) * the functor Hom R (E, −), so that, in particular, (1), and we see that p k • s k * = 0, so that g := p k • s k * : S → C k is an epimorphism. Since it is clear that s k * ⊗ S E = Hom R (E, s k )⊗ S E can be identified with s k , in order to prove our claim it is enough to show that the morphism g
Assume that HE = E. Since P is a finitely generated submodule of E, this implies that we can find an integer r ≥ 0 and a homomorphism f : E r → E such that P ⊆ Im f and if q i : E → E r , i = 1, . . . , r, denote the injections, then f • q i ∈ H for all i = 1, . . . , r. Let γ : P → E be the canonical inclusion. Then, since P is projective, there exists a homomorphism δ :
Therefore, f • η is an isomorphism. If we denote by p i : E r → E the canonical projections, we see that
Hence we must have that H = S, a contradiction that proves our claim. Since, for each k ∈ K, (p k ⊗ S E) • s k = 0, we also have that (p k ⊗ S E) • i k = 0, and so there exists an element
Since the cyclic right R-module x k R is a submodule of E, our hypothesis implies that there exist a projective right R-module P k and an essential monomorphism v k :
Thus this morphism has nonzero image, say
We claim that N k is, actually, a finitely generated module. To see this, observe that P k is a direct summand of a free right R-module, say R (I) with inclusion ε : P k → R (I) and projection θ :
, and so there exists a finite subset
be the inclusion and π 0 : R (I) → R (I0) the projection. Then we have
where
By injectivity of E we obtain a homomorphism i k : E k → E making the following diagram commute:
and so we have
Thus we see that x k R ⊆ Ker(i k − i k ), and hence that Ker(i k − i k ) is essential in E k . Since E k is a direct summand of E, we can extend i k − i k to an endomorphism z k of E with essential kernel, so that z k ∈ J(S) and
has finitely generated domain. This shows that N k is indeed finitely generated. Since N k is finitely generated we can choose, for each k ∈ K, a simple quotient U k of N k with canonical projection π k : N k → U k . Denoting by [X] the isomorphism class of a right R-module X, we define a map from K to the set of isomorphism classes of simple right R-modules by assigning k
To complete the proof of the lemma, we show that the map just defined is injective. So, assume that [U j ] = [U k ] for j, k ∈ K, and let ϕ :
On the other hand, using the projectivity of P j , we obtain a homomorphism ψ :
, from the injectivity of E, we obtain an endomorphism τ : E → E, i.e., an element τ ∈ S, such that τ • t j = t k • ψ. Observe then that φ • α j = α k • ϕ is a monomorphism, and hence the morphism 
and so we see that
Assume now that j = k and consider the homomorphism
which gives a contradiction and shows that we must have j = k.
Main results
We are now ready to give our main result. We will use the following notation (cf. [13] ). If R is a ring, Ω(R) will denote a set of representatives of the isomorphism classes of simple right R-modules. If M is a right R-module, then C(M ) denotes a set of representatives of the isomorphism classes of simple submodules of M . Theorem 3.1. Let R be a ring and P R a finitely generated projective module. Assume that |Ω(R)| ≤ |C(P )| and that every cyclic submodule of E(P R ) is essentially embeddable in a projective module. Then P R cogenerates the simple right R-modules and has finite essential socle.
Proof. Let E R = E(P R ), S = End(E R ), and J = J(S). By Lemma 2.1, there exists a bijection between the set E of isomorphism classes of indecomposable direct summands of E R and the set M of isomorphism classes of minimal right ideals of
S/J. It is clear that the assignment [C] → [E(C)] defines an injection from C(P )
to E, and so we have that |Ω(R)| = |C(P )| ≤ |E| = |M|. Assume that |Ω(R)| is infinite. Then |M| is also infinite and, by Lemma 2.3, there exists an idempotentorthogonal family {C k } k∈K of simple right S/J-modules, such that |M| < |K|. By Lemma 2.4, there is an injective mapping from K to Ω(R), and so we get a chain of inequalities:
which gives a contradiction and proves that |Ω(R)| is finite. Observe also that, since |Ω(R)| = |C(P )| is finite and C(P ) ⊆ Ω(R), we have that, actually, Ω(R) = C(P ). This means that P R cogenerates all the simple right R-modules.
Let |Ω(R)| = n. We claim that |M| = n too. Let C 1 , . . . , C r be a set of representatives of the elements of M. We already know that n ≤ r. Furthermore, there exist idempotent elements e 1 , e 2 , . . . , e r ∈ S such that,
we see thatē i (S/J)ē j = 0 for i = j andē i (S/J)ē i = 0 for all i = 1, . . . , r. Thus the family {C i } i=1,... ,r is an idempotent-orthogonal family of simple right S/Jmodules with respect to the idempotents {ē i } i=1,... ,r . From Lemma 2.4 we obtain that r ≤ |Ω(R)| = n, and so we have n = r. Now, we claim that S/J is a semisimple ring. Assume that this is not the case. Then there exists a nonprojective simple right S/J-module C which is not isomorphic to any of the C i =ē i (S/J), i = 1, . . . , n. First, we show that Ce i = 0 for each i = 1, . . . , n. Assume, on the contrary, that there exists an element c ∈ C such that ce i = 0 for some i ∈ {1, . . . , n}. Then cē i = 0 and (cē i )(S/J) is a nonzero right S/J-submodule of C, so that (cē i )(S/J) = C. Consider now the homomorphism of right S/J-modules from C i to C given by left multiplication with c. It is a nonzero homomorphism between two simple right S/J-modules, and so we see that C i ∼ = C, a contradiction. Thus we have established that Ce i = 0 for all i = 1, . . . , n.
Next let [U 1 ], . . . , [U n ] be the isomorphism classes of right R-modules corresponding to the simple S/J-modules C 1 , . . . , C n in an injective mapping obtained from Lemma 2.4. We are going to show that we can assign, in a similar way, a simple right R-module U to C, with the property that U is not isomorphic to any of the U i , for i = 1, . . . , n. Let 0 = x ∈ C, and let p : S S → C be the projection defined by p(1) = x. Then the argument used in the first part of the proof of Lemma 2.4 shows that p ⊗ S E : E → C ⊗ S E is a nonzero homomorphism. Let X be a nonzero finitely generated submodule of E which is not contained in Ker(p ⊗ S E), and set N = (p ⊗ S E)(X), with projection q : X → N . Let U be a simple quotient of the finitely generated right R-module N , with canonical projection π : N → U .
Let j ∈ {1, . . . , n}, and ϕ : U j → U an isomorphism of right R-modules. We obtain as in the proof of Lemma 2.4 a homomorphism φ :
Similarly, keeping the notation of Lemma 2.4, we have a homomorphism ψ : P j → X (obtained from the projectivity of P j ) that satisfies ϕ • π j • q j = π • q • ψ. Let t : X → E and w : N → C ⊗ S E be the inclusions. By the injectivity of E(U ) there is a homomorphism π : C ⊗ S E → E(U ) such that π • w = α • π. As in Lemma 2.4 we have the inclusion i j : E j = e j E → E, and morphisms h j : P j → E j and t j : P → E, with t j = i j • h j . Similarly, we have an endomorphism τ :
Exactly as in Lemma 2.4, we consider the homomorphism p • τ * • i j * : e j S → C, where τ * = Hom R (E, τ) and i j * = Hom R (E, i j ). We obtain that (p ⊗ S E) • τ • i j = 0, which gives a contradiction and shows that S/J is semisimple. Therefore, S is a semiperfect ring and E R is a finite-dimensional module. Thus E R is a finite direct sum of indecomposable submodules. Since |E| ≤ |M| = n, we see that each of these indecomposables is, actually, an injective envelope of a simple right R-module, so that E R , and hence P R , has finite essential socle.
In [13] , Menal adapted Osofsky's counting argument in order to prove that if R is a ring and P R is a finitely generated projective and injective module such that |Ω(R)| ≤ |C(P)|, then |Ω(R)| is finite ( [13, Theorem 8] ). We see that this is a particular case of Theorem 3.1. Menal also proved ( [13, Corollary 8] ) that the rings R such that every cyclic right R-module embeds in a free module and the injective envelope E(R R ) is projective, are QF (cf. [13, Corollary 9] ). We have the following more general result.
Corollary 3.2. Let R be a ring such that E(R R ) is a projective cogenerator of Mod-R. Then R is right PF.
Proof. It is clear that the hypotheses of Theorem 3.1 are satisfied, and we conclude that R has finitely generated essential socle. Let C 1 , . . . , C n be a set of representatives of the isomorphism classes of simple right R-modules. Their injective envelopes are indecomposable, projective and injective. Thus, if J = J(R), we have that the modules T i := E(C i )/E(C i )J are pairwise nonisomorphic simple right R-modules. Therefore, the T i are also a set of representatives of the isomorphism classes of simple right R-modules, and, since all of them have a projective cover (the E(C i )), we see that R is semiperfect. Then R R has a direct decomposition R = r i=1 e i R, where the e i R are all projective covers of simple modules, so that each of them is isomorphic to one of the E(C i ). Thus we see that R is right self-injective and, therefore, right PF.
Recall from [1] that a ring R is called right CES when every cyclic right Rmodule is essentially embeddable in a direct summand of R R , and, more generally, R is right CEP [1, 10] when every cyclic right R-module is essentially embeddable in a projective module. Semiperfect right CEP rings were studied in [1, 10, 11] . In [1] , the question is posed of whether a right CEP ring or a right CES ring is already semiperfect, a fact that is proved in that paper assuming some additional conditions on R. The following corollary provides a general affirmative answer to this question. Proof. From Theorem 3.1 we know that R R has finite essential socle. Since every cyclic right R-module embeds in a finitely generated free module, it has also finite essential socle. It is well known that this implies that R is right artinian.
It follows from the preceding corollary that the results obtained in [1, 10, 9, 11] for semiperfect right CEP or right CES rings hold for all right CEP and right CES rings. We mention, in particular, that in [9] , a structure theorem is given for semiperfect right CES rings. We can now lift the semiperfect condition and observe that Corollary 3.3 together with [9, Theorem 3.5] or [1, Theorem B] gives the following structure result. The rings that satisfy the hypotheses of Theorem 3.1, with P = R, need not be right PF, even when they are right artinian (as is shown by the examples of right CEP rings given in [10] ). However, as it was pointed out in the introduction, the Levy-Faith problem of whether a right FGF ring is necessarily QF is still open (see [6] , where several conditions are given that force a right FGF ring to be QF). The following corollary gives a partial positive answer to this problem. Recall that a ring R is called right CS when every complement right ideal is a direct summand of R R or, equivalently, every right ideal is essential in a direct summand of R R (cf. [3] ). CS rings and CS modules (defined in a similar way and called also extending modules) have been object of intensive study in recent years (cf. [4] ). Our methods allow us to prove that the CS condition is strong enough to force a right FGF ring to become QF. In order to do that, we will use the following auxiliary result that has been proved in [8, Lemma 1.5] . Lemma 3.6. Let P R be a finitely generated projective right R-module, E = E(P R ) its injective hull, and S = End(E R ). Assume that each finitely generated submodule of E embeds in a finitely presented module of projective dimension ≤ 1. Then, for each finitely generated right S/J-module X, Hom R (E/P, X ⊗ S E) = 0. Proof. By [6] , it is enough to show that R R has finite essential socle. To prove this, observe first that we can modify the proof of Lemma 2.4 to show that the assertion of this lemma also holds in our current hypotheses. Indeed, let E = E(R R ), S = End(R R ), and J = J(S), and consider an idempotent-orthogonal family {C k } k∈K of simple right S/J-modules, with respect to a family {s k } of idempotents of S. As in the proof of Lemma 2.4, we have that if E k = s k E and i k : E k → E is the inclusion, for each k ∈ K, then (p k ⊗ S E) • s k = 0 and hence (p k ⊗ S E) • i k = 0. Set L k := E k ∩ R. Since L k is essential in E k , we have that E k = E(L k ). On the other hand, since R is right CS, there exist a direct summand P k = e k R of R R (with e k ∈ S an idempotent) and an essential monomorphism v k : L k → P k .
Then, P k embeds in E k and, in fact, since this embedding is essential, we see that E k = E(P k ) is an injective envelope of P k .
Let h k : P k → E k be the inclusion and t k := i k • h k . Assume (p k ⊗ S E) • t k = 0. Then (p k ⊗ S E) • i k factors through E k /P k . On the other hand, if P k := (1 − e k )R and E k := E(P k ), it is clear that E ∼ = E k ⊕ E k , and so E/R ∼ = (E k /P k )⊕(E k /P k ). Since s k E k = 0, we see that (p k ⊗ S E)•s k factors through E/R. Then it follows from Lemma 3.6 that (p k ⊗ S E) • s k = 0, which is a contradiction and hence shows that (p k ⊗ S E) • t k = 0.
From this point on, we can follow the proof of Lemma 2.4 to conclude that, again, there is an injective mapping from K to the set of isomorphism classes of simple right R-modules. Observe now that in the proof of Theorem 3.1, the hypothesis of the essential embedding of the cyclic submodules of E in projectives is only used in order to let us apply Lemma 2.4. Thus we see that the arguments used in that proof carry over to this situation, and we conclude that R R has finite essential socle, completing the proof.
